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Abstract Nervous systems often face the problem of classifying stimuli and making decisions based on these classifications. The neurons involved in these tasks can be characterized
as sensory or motor, according to their correlation with sensory stimulus or motor response. In this study we define a
third class of neurons responsible for making perceptual decisions. Our mathematical formalism enables the weighting
of neuronal units according to their contribution to decision
making, thus narrowing the field for more detailed studies
of underlying mechanisms. We develop two definitions of a
contribution to decision making. The first definition states
that decision making activity can be found at the points of
emergence for behavioral correlations in the system. The second definition involves the study of propagation of noise in
the network. The latter definition is shown to be equivalent
to the first one in the cases when they can be compared. Our
results suggest a new approach to analyzing decision making
networks.

1 Introduction
The nervous system is confronted by megabytes of information representing light, sound, smell, and other sensory
inputs. This information is compiled by the brain into a set
of decisions, representing the behaviors of living organisms.
The mechanisms involved in this reduction have been under
investigation for many years (Parker and Newsome 1998;
Glimcher 2003; Romo and Salinas 2003). In this study we
address a question complementary to the issue of decision
making (DM) mechanisms; we develop a method for defining the neuronal units involved in making decisions. Such
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analysis has practical significance, since once units involved
in making a particular decision are located, further efforts
could focus on uncovering their underlying mechanisms. For
the purpose of this analysis we determine DM activity in surrogate networks, defined mathematically, in which complete
control is present over stimuli, mechanisms, and responses.
The main goal of our study is to formulate a rigorous definition of DM for simple surrogate systems, which opens the
way to tackle more realistic problems in the future.
In this study, a DM task is defined as evaluation of a function in the multidimensional stimulus space (Fig. 1a). This
function has a discrete set of values, representing the repertoire of responses available to the organism. The decisions
may, of course, be stochastic, to reflect the uncertainty intrinsic to behavior. This definition is suitable for experiments
where subjects perform poly-alternative forced-choice tasks,
such as saccadic response to the direction of stimulus motion
(Shadlen and Newsome 2001).
Let us consider the direction-discrimination task in more
detail. Figure 1b lists some visual areas involved in this task.
The areas are arranged along a rough sensory–motor axis so
that the areas on the left are more “sensory”, while those on
the right are more “motor”. This implies that the responses
in these areas are more correlated with stimulus or response,
respectively. Where on this sensory–motor axis should one
position DM elements? One could argue that the elements
most correlated with the decision itself are the decision makers, following the analogy with the definition of sensory and
motor elements. It is, however, difficult, if not impossible,
to distinguish such a definition from the definition of purely
motor units (Shadlen and Newsome 2001). The latter relay
the results of the decision making process without involvement in the formation of the decision. Thus, an approach is
needed to distinguish pure motor from DM activity. This is
one of the purposes of our investigation.
In this study we develop an approach in which DM components are positioned on the interface between sensory and
motor areas. More precisely, the first element in the sensory–
motor chain, which bears a significant correlation with the
response, is identified as the decision maker. We develop
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decisions will covary trivially if the stimulus strength changes
from trial to trial, possibly due to fluctuations in extraneous
factors.” More informative is the stochastic case, in which
decisions can be linked to the internal causes. Thus, the same
Option 1
report suggests that “the more revealing case occurs when
internal neural noise accounts for observed psychophysical
Option 3
variability upon successive presentations of externally idenSensory space
tical stimuli. This sort of covariation cannot be driven by
the environmental stimulus, but must arise from causal rela(≥107 dimensions)
tionship within the nervous system” (Parker and Newsome
1998).
In the present study, following the ideas mentioned above,
b
we study stochastic DM only. Our analysis will therefore conRetina LGN
V1
V2
MT
MST
LIP
FEF
SC
centrate on the gray zone surrounding the interface between
Fig. 1 a Definition of decision making task. The nervous system eval- single-decision domains in Fig. 1a. We give a precise defiuates a function, whose values represent discrete decisions, in the mul- nition of our system below. Henceforth, the term decision
tidimensional sensory space. b Some of the visual areas involved in denotes stochastic decisions only, unless otherwise noted.
a motion-discrimination task. The areas on the left are more sensory
Stochastic decisions naturally arise when the strength of
(response is correlated with the sensory input), while those on the right the stimulus is not sufficient to render deterministic judgare more motor (correlated with the response)
ment. In the case of the direction of a motion discrimination
this idea into a rigorous mathematical formulation and find task (reviewed in Parker and Newsome 1998) this condition
a special correlation function that determines the contribu- corresponds to the zero-coherence case. Generically speaktions of units to DM. Such formalism allows us to approach ing, this regime is defined by a zero or small signal-to-noise
two problems pertaining to the identities of DM units. First, ratio (SNR) case, where ‘signal’ represents the sensory inforwe consider the case when not one but several elements mation and ‘noise’ is the variability due to intrinsic with
are simultaneously involved in one decision. Our approach respect to the nervous system sources. Below we use this
allows us to evaluate the relative importance of various units regime for our simple system to study the identities of deciin such distributed DM. Second, we consider systems with sion makers.
Stochastic decisions also arise in the context of game
loops in connectivity. For such systems the concept of ‘the
first element’becomes ill-posed. We succeed in defining com- theory, when optimal behaviors are given by so-called mixed
mand elements in such networks by considering the impact strategies (Glimcher 2003). Let us illustrate the concept of a
of variability in an element’s response on the behavioral mixed strategy with the example of C-start escape behavior
in a teleost fish (Eaton and Emberley 1991). This behavoutcome of the system.
ior serves as the short-latency evasion of predators and, in
open water conditions, is directed away from danger. Thus,
in open water, a pure strategy dominates, whereby fish choose
2 Stochastic versus deterministic decision making
to escape at a fixed angle from the predator. A different picStudies of DM have identified two large classes of decisions: ture emerges when the escape route is obstructed by a wall. In
deterministic and stochastic (Glimcher 2003). The former this case, the fish has the option of selecting one of the escape
category includes responses which are reliably triggered by angles as a pure strategy. Instead, the fish uses an escape
specific stimuli. In Fig. 1a these responses correspond to direction which is not predictable from the stimulus angle
regions far from the interface between two decisions. Sto- (Eaton and Emberley 1991). Thus, the fish chooses to mix
chastic decisions, on the other hand, are produced by stochas- responses from trial to trial, presumably to confuse the predtic sources within the nervous system. For such decisions, no ator, implementing a mixed strategy. Another more famildeterministic connection can be established between stim- iar example is the rock–paper–scissors game (Smith 1982).
uli and responses. If the stimuli and experimental conditions The pure strategies in this case are given by three individual
can be reproduced exactly, decisions of this type vary signifi- responses. However, the optimal strategy is to mix all three
cantly from trial to trial. Such behaviors are fundamentally responses with equal probability. This mix should be truly
unpredictable and are often considered voluntary (Glimcher random, because a slightly biased decision can be detected
2003). In terms of the decision function illustrated in Fig. 1a, by an opponent and used to make predictions, ultimately leadstochastic decisions correspond to the regions close to the ing to that opponent’s advantage. Other examples of mixed
strategies are reviewed by Glimcher (2003), including more
interface between domains of the same decision.
The distinction between deterministic and stochastic cases sophisticated escape behaviors.
We suggest here that the zero/small-coherence case is
is important for the problem of identifying the decision makers. In the deterministic case, the responses are causally linked similar to the mixed strategy case in many respects. It could be
to sources outside the system. Thus, Parker and Newsome argued that the signal in the mixed strategy case is the utility
(1998) suggest that “neural responses and psychophysical of a single pure strategy. Noise is the internal variability used
a

Option 2
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Fig. 2 a A simple ‘nematode’ network consists of a chain of units. All units in the chain are linear, except the last. The last unit, shown by the
square, is non-linear and returns zero or one depending on the sign of the response of the preceding unit. b The average input–output relationship
(psychometric function) for the ‘nematode’ chain, is given by the sigmoid function. The spread of the sigmoid is determined by the net noise in
the chain

to generate random behaviors. Rigorously speaking, different
mixed strategies can be implemented by our system, defined
below, by tuning the SNR to generate the required probabilities of responses. Thus, our study may be useful for defining
identities of decision makers in both the zero/small-coherence
case and the mixed strategy case.
The small-coherence case has been extensively used
before to explore neuronal correlates of decision (Celebrini
and Newsome 1994; Britten et al. 1996; Shadlen and Newsome 1996; Thiele and Hoffmann 1996). It was ultimately
argued that decision making units implement the synthesis of
sensory and motor correlations, and can therefore be found on
the interface between sensory and motor units (Shadlen and
Newsome 1996; Newsome 1997; Salinas and Romo 1998;
Shadlen and Newsome 2001). Here we examine a different
paradigm for identifying decision makers. We argue that DM
may be found at the points where motor activity emerges. DM
activity is, therefore, related to the rate of emergence of the
motor correlations.

3 Linear chains and trees
3.1 The ‘nematode’ network
In this subsection we consider a network, which we call ‘nematode’. We first define the model, then we show that it can
make simple decisions, and finally we define the positions of
decision makers in the network.
Consider a linear chain of units, whose response is characterized by a set of real numbers xi where i = 1, . . . , N is
the position of the element in the chain (Fig. 2). The response
of each element does not depend on time. This assumption is
introduced here to simplify the analysis and can be relaxed
as described below (Sect. 3.2). Each unit performs a simple
linear transformation between the unit’s input and the output.

Thus, for element number i
xi = xi−1 + ηi

(1)

Here ηi is noise associated with the element. In this work we
assume that noise has zero mean, is individual to each unit,
and, therefore, is uncorrelated between units, i.e.
ηi = 0,

ηi ηj = ηi2 δij

(2)

Here δij is the Kronecker delta. We further assume that noise
has a Gaussian distribution. The chain of linear elements is
thus completely specified by a set of noise variances ηi2 . The
model described by (1) and (2) yields the following solution
for the response of the last element in the chain
xN = x0 + η1 + η2 + · · · + ηN −1 + ηN .

(3)

Thus, the response of the Nth element is just a sum of the input into network x0 and noise contributions from all units,
independently on the order of unit in the chain. The last
element in the chain has non-linear response properties. Its
response is defined by
d = H (xN ),

(4)

where H (x) is the Heaviside stepfunction, which is equal to
one/zero if the argument is positive/negative.
It follows then that our ‘nematode’ network is capable
of making decisions based on the values of input variable
x0 . Thus, we interpret variable d, which is equal to either
0 or 1, as the result of DM process, as defined in Fig. 1a.
The decisions are made stochastically and depend upon the
instantiations of random variables ηi , which vary from trial
to trial.
Our model is completely defined by the set of noise variances, pertinent to each unit ηi2 . Our next goal is to develop
a sensible definition of contributions to DM based on the
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Fig. 3 a If the signal-to-noise ratio (SNR) is high, the responses of all units are well correlated with the output, as shown on the right by the
mutual information between the response of a given unit and the output. b In the case of a low SNR, the output is better correlated with the motor
units (right) than with the sensory ones (left)

vector of variances ηi2 . Before doing so, we describe general
input–output properties of the chain.
Since the decision made by the network varies from trial
to trial, one can define the response of the system averaged
over trials as d(x0 ). As shown in Fig. 2b, it has a sigmoid
shape, smeared by the total amount of noise in the system.
One can, therefore, consider two cases, depending on whether
the SNR ratio for the chain is large or small. These two
regimes correspond to the small and large coherence cases in
the motion-discrimination task (Parker and Newsome 1998).
To analyze responses of units in these two cases, we define
their correlation with the decision. This correlation is defined
for each element in the chain (Fig. 3, right). We initially
choose mutual information (MI) as a measure of correlation
between response of the ith unit, xi , and the decision, d. MI
has the advantage of being unitless (it is measured in bits)
and having clear intuitive properties, as described below.
Mutual information describes the information transmitted from the ith unit to the output of the system d. Since the
output variable can only have values 0 or 1, MI cannot exceed
one bit. We now consider two cases, depending on the network’s SNR. If network input |x0 | is large compared to the
noise level, as in Fig. 3a, the response of the system is well
correlated with the input. Hence, activities of all units are well
correlated with both input and output, and MI (xi , d) ≈ 1 for
all of the units. At the opposite limit of the low SNR, |x0 | is
smaller than the noise level, and the system’s response is
weakly correlated with the input (Fig. 3b). In this case, MI
as a function of a unit’s position displays a structure, shown
in Fig. 3b (right). This structure, as shown below, has a key
to the definition of DM components.
Let us consider the low SNR case in more detail. The
units, which are close to the exit from the network, show a
strong correlation with the decision. These units are analogous to the motor units. Their MI is therefore close to 1 bit.
On the other hand, more ‘sensory’ units in the beginning of
the chain are strongly correlated with the input. Since the
input–output correlation is weak in the low SNR case, the

‘sensory’ units display virtually no relation to the output and
MI (xi , d) ≈ 0 for input units (Fig. 3b, right). Thus, MI, as
a function of i, displays a transition from 0 to 1 in the low
SNR case.
One could suggest that the elements perfectly correlated
with the output of the system, such as exit elements from the
chain, are the ones that make the decision. However, such elements may be argued to be the relay or ‘motor’units, in which
case their contribution to the formation of a decision is small.
Thus, despite their high correlation with the output, exit elements cannot be called decision makers. Input elements, having no correlation with the decision, are responsible for DM
to an even lesser degree. We thus need to analyze the dependence of MI on position in more detail and suggest another
scheme for defining DM units.
Our elimination of motor units as possible decision makers can be further extended to the entire high SNR case
(Fig. 3a). In high SNR case all units have perfect correlation with the response, therefore behaving similar to pure
motor units. Thus, following Parker and Newsome (1998)
we suggest that the deterministic regime is not descriptive
from the point of view of DM analysis. Since all units in
this case have similar correlations, it is hard, if not impossible, to distinguish them and assign differential contributions. It could be argued that in the deterministic case, the
external environment acts as the decision maker by providing the input variable x0 . We conclude, following Parker
and Newsome (1998), that to find decision making activity
one has to concentrate on the low SNR case. We note however that there is no binary quantitative distinction between
high and low SNR cases, i.e., deterministic and stochastic
DM. The low SNR case is used here for convenience of the
analysis.
We show below that the identities of decision making
units can be deduced from the shape of the transition in Fig. 3b
(right). To this end, we analyze a set of examples of networks with various distributions of noise ηi2 . We start from
the simplest example of a single noisy unit.
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1 bit

MI

To link this example to our previous discussion (Fig. 3b)
we plot MI as a function of position in the chain in Fig. 4
(top). As we discussed, MI is high for exit (‘motor’) units and
low for input (‘sensory’) elements. Figure 4 also shows the
derivative of MI with respect to a position in the chain. This
derivative represents the decision making element. Thus, not
a correlation with the decision but rather the rate of change of
the latter along the network is the indicator of DM. Therefore,
contribution to decision making may be characterized by the
rate of emergence of the motor response along the chain.

*
Noise
Derivative of MI

1

*
n

N

3.3 Example 2: uniformly distributed noise

Fig. 4 The example of a ‘noisy’neuron (marked by asterisk). Top panel,
mutual information between given unit and the decision. Bottom panel,
the derivative of mutual information. The derivative represents the decision making unit in this case

3.2 Example 1. ‘Noisy’ neuron

d = H (η1 + η2 + · · · + ηN ).

Consider a chain in which noise is absent from all units but
one, whose order number in the chain is n (Fig. 4). Since,
according to our previous discussion in the previous section,
we need to consider the low SNR case, we will assume that
x0 = 0,

(5)

i.e., network receives no input. Making the decision in this
case is still possible, based on the values of noise inside the
network. Since noise is only present in one neuron, from (3)
we conclude that
xN = ηn .

(6)

The decision made by the network is
d = H (ηn ).

Our next example shows that the conclusion about the derivative of MI is qualitatively correct, but has to be amended
to be numerically precise. Consider the chain in which all
elements are noisy and the variance of noise is the same for
each element. In this case (3) and (4) yield

(7)

Thus, the output of the circuit is causally linked to the processes occurring in unit number n. We conclude that unit n
is the decision maker.
Paradoxically, the noisiest unit in this simple formulation
makes the largest impact. All noiseless elements, even nonlinear, are deterministic, and work as simple relays, which
transmit information along the chain. We address this apparent paradox in the Discussion section. Here we mention that
our definition follows from the earlier suggestions (Parker
and Newsome 1998) that “a given neuron may or may not
yield a spike (or may yield a variable number of spikes) in
response to repeated presentations of a particular stimulus.
. . . in the extreme where a single neuron is used for the
psychophysical judgment, there should be a 100% correlation between fluctuations in the firing of the neuron and the
behavioral choices of the observer.”
One could suggest that the non-linear element is actually
the decision maker in this case. We argue that the non-linear
element does not have a causal effect on output from the circuit; therefore its role is just to relay response from neuron
n to the output. In this respect the non-linear element is not
different from other noiseless elements.

(8)

Equation 8 does not distinguish the order in which contributions from the units are added, and all contributions are of
equal strength on average. Thus, we conclude that all units
contribute to the decision equally.
Figure 5a shows MI as a function of position in the chain
for this case (see Appendix A for derivation). It increases
smoothly from 0 to 1 resulting in a non-zero derivative for
all units. The derivative of MI turns out to be non-uniform,
as seen in Fig. 5a. However, Eq. 8 suggests that all units
participate in decision equally. The non-uniform increase of
MI can be corrected if a non-linear function of MI, denoted
F (MI), is considered rather than MI itself. This non-linear
function is calculated in Appendix A and is shown in Fig. 5b.
The new correlator F (MI) has the same basic properties as
the MI. It rises from 0 to 1 monotonically when passing
through the array (Fig. 5c). Its derivative is uniform as shown
in Fig. 5c (bottom). This is consistent with equal participation in DM among all units in the uniformly distributed noise
case. Thus, the motor response of the ith element is more
adequately characterized by function F (MIi ), while contributions to DM, which we denote as Di , are given by the
rate of emergence of motor response F (MIi ) when moving
through the array
Di = F (MIi ) − F (MIi−1 ).

(9)

Equation 9 is the main result of this paper. Decision index Di
represents contribution of the ith element to the decision for
networks of simple connectivity, such as chains.
Equation 9 implies that, from point of view of DM contributions, not mutual information, but another correlator, given
by F (MI), is more accurate. Equation 9 also reproduces the
result obtained in the previous example of ‘noisy’ neuron.
Indeed, the mutual information rises from 0 to 1 on the ‘noisy’
neuron in Fig. 4. F (MI) coincides with MI at these values, as
follows from its plot in Fig. 5b. Thus, the derivative of F (MI)
is also given by a single spike at the position of ‘noisy’neuron,
as in Fig. 4 (bottom). Therefore, both examples considered so
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Fig. 6 The ‘loud’ neuron example. The link between units 5 and 6 is
strengthened. Compare to Fig. 5a
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Fig. 5 The example with uniformly distributed noise. a Mutual information between response of a given unit and the decision. The dependence has a non-uniform increase, suggesting that mutual information
is not a good measure of decision making. b If one applies a non-linear function (solid curve) to the mutual information in a one obtains
a uniformly increasing correlator in c. This non-linear function, called
F (MI), is close to linear, shown by the dotted line. c the new correlator
F (MI) (it top panel) has a uniform derivative (bottom panel). Thus, the
derivative of F (MI) is a sensible measure of decision making in the
case of uniform noise

The units are divided into two groups: before the critical link
and after. Units in each group contribute equally to the decision. The impact of the neurons from the first group (units 1
through 5) is multiplied by a large number (K >> 1). These
neurons contribute much stronger to the decision then the
units from the second group.
Figure 6 shows both F (MI) and its derivative along the
chain (calculated in Appendix A). Similarly to the previous
cases, the derivative of F (MI) is the correct indicator of units
contribution to decision: the first five units have the same
large DM index, while the last five units have a small contribution when K >> 1.
Changing one link in the chain produces large effect
on the distribution of DM. The units downstream from the
link contribute little to decisions, while the units upstream
contribute more. The ratio of contributions of upstream and
downstream links should not depend on the sign of the link.
This is because the distributions of noise variables ηi are
even functions, and, therefore, changing the sign of K to the
opposite in (11) should not change the decision index, which
implies that even for inhibitory link (K < 0) the upstream
units contribute more when |K| >> 1. Thus, to describe
the ratio of contributions from the upstream and downstream
units an even function of K needed, which is shown inAppendix A to be K 2 .
3.5 Trees

far are adequately described by Eq. 9. In the next subsection
we argue that this equation can handle more complex cases
with uneven strength of contributions.
3.4 Example 3: the ‘loud’ neuron
In this example, we modify the initial chain model (1) by
adding a strong amplification link between units 5 and 6
(K >> 1), keeping the noise variances for all neurons the
same as in the previous case:
x6 = Kx5 + η6

(10)

The network output in this case is given by
d = H (xN )
= H (K[η1 + η2 + · · · + η5 ] + η6 + · · · + η11 )

(11)

Our studies indicate that information-theoretical analysis
(Eq. 9) can be further extended to tree-like topologies. The
latter are defined as connectivities with no loops in them, each
network element having only one outgoing link (Fig. 7).
For each element of the network we can calculate the
difference between incoming and outgoing flux of information about the decision [F (MI)], which characterizes the
impact of the given unit to the decision, similarly to the
case of chains. The absence of loops guarantees the independence of incoming signals and, thus, allows the summation
of incoming information across multiple links.
−
→
To generalize Eq. 9 we define a column-vector f such
that fi = F (MIi ). The decision index in this case is derived
in Appendix B and given by
−
→
D = (Iˆ − Ŝ)f.
(12)
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approach also allows generalization of our definition to the
case of arbitrary network topologies.
To establish alternative definition we prove in Appendix
A the following proposition: The decision index defined in
Eq. 9 for a network element is proportional to the product of
the variance of noise on this element and its contribution to
the variability of the output variable xN2 , i.e.,
Di ≡ F (MIi ) − F (MIi−1 ) =

ηi2 ∂xN2
.
Z ∂η2

(13)

i

Fig. 7 The mutual information approach can be extended to connectivities other than linear chains (a). Thus, decision makers in the case
of trees (b) can also be found. Arbitrary networks can be specified by
connection matrices, which are provided for illustration purposes. The
non-zero entries in a connection matrix indicate a connection between
two elements numbered on the left.An entry value describes the strength
of the connection and does not have to be unitary or positive

Here Iˆ is the unity matrix and Ŝ is the structure matrix defined
as follows. An element Sij of the structure matrix is equal to 1
if there is a connection from unit number j to i. Matrix Iˆ − Ŝ
thus implements the evaluation of differences between outgoing and incoming information, similar to (9). The structure
matrix is related to the connection
matrix,
 containing net
work’s weights through Sij = sign(Cij ). The connection
matrices for some networks are shown in Fig. 7. Note that
the connection matrices employed in this study are equal to
transposed weighted adjacency matrix used in graph theory.
Information-theoretical approach can be further extended
to the cases wherein signals propagate on the tree in time
resulting thus in delays between units’responses and the decision. In this case the modified mutual information F (MI) is
different from zero only at certain moments preceding the
decision. For example, for unit 2 in Fig. 7b the F (MI) is nonzero only three time steps before the decision, because at
other times the response of this unit and the decision are not
correlated. To compensate for the presence of such delays one
−
→
should understand f as a sum of correlations over all times
−
→
preceding the decision (Appendix B). Correlator f then can
be used in Eq. 12. This approach can only be applied in tree
topologies.
Equation 12 [or (9)] cannot be used for topologies other
than trees because the signal coming to the same unit through
different links cannot be considered independent For such
connectivities a dynamic approach introduced below should
be used to identify decision makers.
3.6 Alternative definition of DM
So far we have used definition (9), which involves the calculation of a function F (MI). It is, however, possible to reproduce the results shown above in another way. This alternative

HereZ is the normalization constant introduced to ensure
that i Di = 1.
Let us illustrate the new definition using the examples
considered above. In the ‘noisy’ neuron case, from Eq. 6 we
obtain
xN2 = ηn2 ,

(14)

where n is the position of ‘noisy’ neuron. Hence, according
to Eq. 13,

1, i = n,
Di =
(15)
0, i = n.
In the case of uniform noise, Eq. 8 yields
2
xN2 = η12 + η22 + · · · + ηN
.

(16)

The contributions to DM as given by Eq. 13 are the same for
all units, i.e., Di = 1/N . This is in accord with definition (9).
Let us illustrate how Eq. 13 works in the ‘loud’ neuron
case. From (11) we obtain
2
xN2 = K 2 (η12 + · · · + η52 ) + η62 + · · · + η11
.

(17)

By applying Eq. 13 we obtain
2
η1...5
η2
K 2 , D6...11 = 6...11 .
(18)
Z
Z
Thus, each element’s contribution to DM is proportional to
the variance of noise on a given element, multiplied by the
square of the gain from this element to the output. In the
case that K >> 1, contributions from elements, 1, . . . , 5
are much larger than from elements 6, . . . , 11, as shown in
Fig. 6.
Finally, we give another definition of DM contributions,
which could be useful when noise in the system is the same
for all units. Such quantity depends only on network connectivity and on the position of the unit in the network. We
therefore call this quantity topological decision index (tD).

D1...5 =

tD i =

1 ∂σ 2 (xN )
Z ∂η2

(19)

i

Here by σ 2 (xN ) we denote the variance of xN . If σ 2 (xN ) is a
linear function of the set of noise variances ηi2 , as in the case
of linear networks considered here, topological DM does not
depend on the strength of noise. This quantity is thus useful in describing the network’s connectivity and shows how
strongly each element of the circuit affects the output.
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time-interval τ is longer than the correlation time of noise.
If noise is specific to each neuron, the same-time correlation
matrix N̂ is diagonal

1
3
2

6

Nij = ηi2 δij

5

This takes place, i.e., when stochasticity is induced by probabilistic nature of synaptic vesicle release, in which case every
two neurons receive uncorrelated fluctuating inputs.
At some moment t the system is forced to make a decision
through the following process. First, a scalar quantity

4
2

b
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3
4

5

y = vT · x(t)

7

6

Fig. 8 Two cases in which the identities of decision makers can be
found using discrete-time approach. The variance of noise on all elements is the same; all network links have unitary strength. The degree
of decision making is shown by the intensity of red. (a) The fan-out
effect. (b) The temporal integrator

4 Dynamic models
To apply our analysis to systems with loops, and, in general,
to networks with arbitrary connectivity (Fig. 8), here we consider time-dependent models. This allows us to observe the
propagation of noise around loops explicitly and to make
accurate conclusions about contributions to DM.
We limit ourselves to linear dynamical systems, where
the single nonlinear element is the last one, transforming an
analog system output to a binary response. We first consider
temporal dynamics in a discrete-time approximation, which
contains all essential features of our approach. We then extend
discrete model to the continuous-time case.
4.1 Discrete-time model
We consider a system of N elements, whose activity at each
instant is described by an N dimensional column-vector x(t).
Time has discrete values separated by an interval τ . The
values of the activity at two moments are related by the connection matrix Ĉ
x(t + τ ) = Ĉ x(t) + η(t) + s(t)

(20)

Here η(t) is the vector describing internal noise. The variable
s(t) represents sensory input. The rules of the temporal evolution of activities described by this equation are sufficient to
capture many interesting phenomena and to mimic modeling
of real systems on digital computers.
We assume that noise η(t) has a zero mean and is uncorrelated in time:
ηi (t1 )ηj (t2 ) = Nij δt1 ,t2

(22)

(21)

This assumption can be easily relaxed and is used here to
simplify the analysis. It becomes rigorously valid when the

(23)

is evaluated. The output vector v describes the way in which
the system’s activity affects motor response. In the simplest
case, which was considered in the previous section, a single element number n evokes responses, vi = δin . In a more
complex situation, when multiple areas/neurons have direct
influence on decision, vector v has more than one non-zero
element. In the second step, a decision is made based on the
sign of y
d = H (y)

(24)

Thus, this model describes a two-alternative forced-choice
task.
Our system is completely defined by the following set of
parameters: Ĉ, s(t), N̂ , and v. As we have shown in the previous section, the presence of the stimulus is not required to
define DM elements (Eq. 5). We therefore set s(t) to zero and
are left with three parameters Ĉ, N̂ , and v. We now determine
DM elements in this model.
Following definition (13) the decision index becomes:
Di =

Nii ∂σ 2 (y)
Z ∂Nii

(25)

Therefore, we need to evaluate the variability on the output
from the system σ 2 (y). To this end we notice that
y = vT · x(t) = xT (t) · v and
x T (t) · v = vT X̂(t, t)
v
σ 2 (y) = vT · x(t)

(26)

Here we introduced the cross-correlation matrix defined as
follows:


x1 (n)


x T (k) =  ...  x1 (k) · · · xN (k) (27)
X̂(n, k) ≡ x(n)
xN (n)
We replace here the time variable with the integers, specifying the time-slice number. The averaging in (26) and (27) is
assumed over different instantiations of noise (trials).
As follows from (26), we are particularly interested in the
same-time correlator X̂0 (n) ≡ X̂(n, n), which determines
fluctuations in y. Using (20) we obtain
x T (n + 1)
X̂0 (n + 1) = x(n + 1)
= Ĉ x(n) + η(n) xT (n)Ĉ T + ηT (n)

(28)

How to find decision makers in neural networks

455

We then notice that the correlator x(n)
ηT (n) is identically
zero, since x(n) is a linear combination of values of noise at
times k < n (Eq. 20). Thus
X̂0 (n + 1) = Ĉ X̂0 (n)Ĉ T − N̂

(29)

This is a linear equation on X̂0 (n), which has solution in the
form of a series

X̂0 (n) =

n


Ĉ k N̂(Ĉ T )k .

(30)

unit 2 to the exit unit 6. The resulting network gain from unit
2 to unit 6 is thus equal to two. All other units’gains at the exit
are equal to one. The contribution to DM from unit 2 is thus
four times larger than from other units. This is because noise
at this unit is multiplied by a factor of two and the variance
of noise by a factor of four (Eq. 18). We conclude that there
may be some special elements in the network which occupy
hub-like positions gaining large influence due to the abundance of their outputs. These elements are somewhat similar
to the ‘loud’ neuron in the example above.

k=0

This solution allows us to determine the same-time correlator
X̂0 from connectivity and noise cross-correlogram, defined
in (21).
Finding decision makers can be simplified, if correlator
X̂0 (n) does not depend on time. The condition for this can
be found from Eq. 30. We obtain
R̂(n) ≡ X̂0 (n + 1) − X̂0 (n) = Ĉ n N̂(Ĉ T )n

(31)

The difference matrix R̂(n) goes to zero if all of the eigenvalues of the connectivity matrix Ĉ are less than 1 in absolute
value, in which case Ĉ n → 0 when n → ∞. This can be seen
by reducing Ĉ to diagonal or Jordan normal form. If the latter condition is true, the same-time correlator X̂0 (n) can be
replaced by a constant matrix X̂0 in (29), which leads to
X̂0 − Ĉ X̂0 Ĉ T = N̂

(32)

All of the examples analyzed below will be based on this
equation.
Let us examine the properties of this equation. In the most
generic case, Eq. 32 allows us to determine X̂0 from Ĉ and N̂
uniquely. Indeed, Eq. 32 is a system of N 2 linear equations for
N 2 unknown entries in X̂0 . Hence, this system, in most cases,
can be solved uniquely. However, with few exceptions, X̂0
cannot be expressed explicitly in terms of matrices Ĉ and N̂.
The contribution to DM from a given element can be
determined from Eq. 26
Di =

∂ X̂0
Nii ∂σ 2 (y)
1
= vT
v
Z ∂Nii
Z ∂lnNii

(33)

The topological decision index is
tDi =

1 T ∂ X̂0
v
v
Z ∂Nii

(34)

Using Eqs. 32 and 33 one can analyze a variety of network
connectivities. Some new effects emerging for non-tree systems are described next.

4.3 Example 5: temporal integrator
Figure 8b shows the example of a network with a loop in connectivity. All links in this network have unitary strength and
noise is the same for all units. The presence of a loop affects
DM drastically: Our discrete-time model marks units belonging to the loop as decision makers.1 This is easy to understand,
since noise generated by each unit on each time-step, cannot
leave the loop and therefore builds up there without limits.
This case is somewhat analogous to the ‘noisy’ neuron example. Of course, the growth of variance of noise is stopped by
non-linearities pertinent to a real system.
What is the possible role of loops in biological networks?
Loops, similar to the one shown in Fig. 8b, have many useful
properties. For instance, they can act as parametric memory
systems. Imagine that responses of all units in the loop have
the same values, equal to x. Assume that no other inputs
are received from the outside of the system. It follows that
in the absence of noise on all elements and unit gain on all
connections in the loop, the value of the response will reverberate around the loop forever. Such loops can thus memorize a graded parameter, such as x, functioning as parametric
memory elements.
Suppose, in addition, that a non-zero constant input s is
applied to element number 1. Since this element acts as a
summator, its response on the next step is x1 (1) = x + s.
The signal s propagates around the loop and in four steps it
reaches the first element again, at which time its response is
x1 (5) = x + 2s. In four more steps x1 (9) = x + 3s. Thus,
not only noise, but also signal can be accumulated by the
system. Therefore, a loop can operate as a temporal integrator. The integration is not perfect if one of the links has a
non-unitary strength, in which case the integrator becomes
leaky (Robinson 1989). Temporal integrators play a special
role in DM since they act as accumulators of sensory evidence (Shadlen and Newsome 2001; Gold and Shadlen 2002;
Roitman and Shadlen 2002; Mazurek et al. 2003).
4.4 Continuous-time model

4.2 Example 4: fan-out hub
Let us consider network shown in Fig. 8a, in which all elements have the same variance of noise and all connections
have unitary strength. Figure 8a shows two pathways from

We finally consider a model in which time runs continuously.
This model has potential relevance to real biological net1
The set of Eqs. 32 and 33 does not have a valid solution for the
loop with unit connections. One has to set one of the connections as a
parameter, α < 1, solve the equations, and consider the limit α → 1
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works. The responses of units satisfy the following equation
d x(t)
= −Â
x (t) + η(t) + s(t).
dt

(35)

The network weight matrix Â is determined by network
connectivity. It can be related to connection matrix from the
discrete-time model in (20) through Ĉ = e−Âτ (see Appendix D). We assume that all of the eigenvalues of the weight
matrix Â have positive real parts, i.e., the system (35) has no
instabilities. Noise is defined by its cross-correlation
ηi (t1 )ηj (t2 ) = Nij δ(t1 − t2 ),

(36)

where
Nij = ηi2 δij

(37)

is a diagonal cross-correlogram of noise. Similarly, we define
the output scalar and the decision variable
y = vT · x(t)
d = H (y).

(38)

Here t is time when the system makes the decision.
Our model is thus completely defined by Eqs. 35–38. We
will now use Eq. 33 to find decision makers. As in the discrete-time case we need to know the variance of the output
variable, σ 2 (y), which is related to the same-time correlation matrix X̂0 by Eq. 33. The equation for X̂0 is derived in
Appendix C and has similar properties to Eq. 29 describing
the discrete case
ÂX̂0 + X̂0 ÂT = N̂

(39)

This equation is the central tool for the continuous-time theory. It is known in optimal control theory as algebraic Riccati
equation (Brogan 1991). The contribution to DM from each
unit (decision index) is found by differentiating σ 2 (y) =
vT X̂0 v with respect to noise, similarly to Eq. 33
1 ∂σ 2 (y)
1
∂ X̂0
= vT
v
(40)
Z ∂lnNii
Z ∂lnNii
The cross-correlation for arbitrary time is found inAppendix C to be

t1  t2
eÂ(t2 −t1 ) X̂0 ,
(41)
X̂(t1 , t2 ) =
ÂT (t1 −t2 )
X̂0 e
, t1 < t2

Equations 42 and 43 may be useful if noise variances cannot be measured directly. These equations provide a way to
evaluate them from the time-dependent cross-correlation.
Equations 39, 40, and 43 represent a set of tools which
allows to find DM components for various connectivities. We
present here two possible cases in which decision makers can
be found. They differ in what is known about the system.
Scenario 1. Assume we know the network connectivity Â,
the output metrics vector v, and the autocorrelation for each
unit Xii (t1 , t2 ). The steps below allow us to find the decision
makers.
1. Since the noise matrix is diagonal, as per (37), it can be
found via autocorrelation using (43).
2. Solving (39) allows the determination of ∂ X̂0 /∂Nii , the
derivative of equal-time cross-correlation with respect to
noise in each element.
3. Decision makers are found from (40).
Scenario 1 does not require simultaneous measurements
from all units. However, it does require knowledge of the
network connectivity. The next scenario is complementary
in this respect.
Scenario 2. Suppose we have measured the full cross-correlation matrix X̂(t1 , t2 ) by simultaneous recordings from all
units. Suppose also that we know how the output of the system
is evaluated (vector v). These are the steps to determine DM
units.
1.
2.
3.
4.

Use (43) [or (42)] to find noise matrix N̂.
Use (39) to find the weight matrix Â.
Solve (39) to calculate ∂ X̂0 /∂Nii for each element.
Use (40) to find decision makers.

Di =

This equation suggests a useful strategy for determining noise
matrix N̂ . Indeed, (39) and (41) imply that


∂ X̂(t1 , t2 ) 
∂ X̂(t1 , t2 ) 
N̂ =
−
(42)




∂t1
∂t1
t1 =t2 −ε

t1 =t2 +ε

Here ε is an infinitesimally small positive number. In other
words, the noise matrix is equal to discontinuity in the timederivative of cross-correlation at t1 = t2 . Since in our case the
noise correlation matrix is diagonal, the non-zero elements
are


∂Xii (t1 , t2 ) 
∂Xii (t1 , t2 ) 
−
ηi2 =
(43)


∂t
∂t
1

t1 =t2 −ε

1

t1 =t2 +ε

5 Analysis using electric stimulations
Our previous analyses relied on the knowledge of complete
network connectivity (Scenario 1) or cross-correlation
between network elements (Scenario 2). The latter approach
involves simultaneous recording from all pairs of elements
in the network. In this section we study an approach, which
neither involves the knowledge of network connectivity nor
requires the simultaneous recordings from several units. The
idea is to stimulate network elements electrically with randomly changing current to directly implement definition (25).
This operation can be performed sequentially for each element of the network in question, and, therefore, involves only
single-unit recordings.
In this section we assume that the network receives external input. This assumption is necessary to implement stimulation method, as becomes clear from the discussion below.
Thus, the output variable y in (38) is a linear function of
the inputs and the noise components, variable from trial to
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trial. Since noise in each network unit is Gaussian, the output
variable is described by the Gaussian distribution

 

2
2
2πσ 2 (y)
(44)
ρ(y) = exp −(y − ȳ(s)) /2σ (y)

between p1 = 1/2 and 1. To find the optimum we observe
from (47) that p1 (i) has a maximum for the same σ 2 (y)
when ∂p1 /∂σ 2 (y) is maximum. The maximum of this probability can be calculated from (45) and corresponds to the
probability of correct responses

Here ȳ(s) is the mean response to stimulus s and σ 2 (y) is
the standard deviation. The response of the system is equal to
one if y is positive, and zero otherwise (38). The probability
to obtain response equal to one is given by the error function
(Abramowitz and Stegun 1972)

∞

√ 
2
2 (45)
p1 (s) = ρ(y)dy = 1 + erf ȳ(s)/σ (y) 2

poptimal

0

The stimulation method described here is based on the direct
calculation of the partial derivative ∂σ 2 (y)/∂ηi2 by injecting
a random Gaussian current with variance si2 into each cell.
The partial derivative is determined by an increase in the
variance of the output variable due to added stimulation
∂σ 2 (y)/∂ηi2 =

σ 2 (y)/si2 .

(46)

In practice one has no access to the variable y, so one cannot measure directly the change in variance σ 2 (y). Instead,
one could measure the change in the probability of correct
responses under the influence of distracting current. Indeed,
assume that for a given stimulus p1 describes the probability
of correct response. The change in this probability due to the
stimulation of neuron number i is
∂p1
σ 2 (y)
(47)
p1 (i) =
∂σ 2 (y)
Combining the last two equations, for the important derivative we obtain
−1

p1 (i)
∂p1
∂σ 2 (y)
=
(48)
∂σ 2 (y)
si2
∂ηi2
Since the probability of correct responses always decreases
under the influence of distracters, the derivative ∂p1 /∂σ 2 (y)
is a negative constant, independent of the unit, which is stimulated. We arrive therefore to the expression for contributions
to DM, which follows from (25)
Di ∼ −ηi2 p1 (i)/si2

(49)

Here p1 (i) is the decrease in probability of correct responses
produced by electric stimulation with variance of the random
current equal to si2 . The variance of noise on each unit ηi2 can
be found from autocorrelation using (43). This procedure is
valid for any topology in our simplified model.
The procedure, which we just described, permits further
optimization. Indeed, assume that the probability of correct
responses is exactly 1/2, which occurs when there is no external stimulus. Adding distracting stimulation current will not
change this probability, i.e., p1 (i) = 0 no matter what unit
is stimulated. In the opposite limiting case when p1 1, the
effect of distracter on performance is exponentially small.
Hence, behavioral response to stimulation has an optimum

0.841

(50)

If the network performs at this level, one should expect the
maximum yield from the stimulation experiment. This result
is discussed in greater detail in Koulakov et al. (2004) along
with other stimulation strategies including those affecting the
average response to the stimulus.
To summarize this section we present a possible scenario
of obtaining the decision index without the knowledge of
network connectivity using electric stimulations.
Scenario 3. Assume that we know autocorrelation function
for each unit Xii (t1 , t2 ). The steps below allow finding the
decision-makers.
1. Prepare stimulus so that the probability of correct responses is close to the value given by (50).
2. Stimulate one unit with random current, whose variance
is si2 , and measure the decrease in probability of correct
responses p1 (i).
3. Record autocorrelation and evaluate noise variance ηi2 for
this unit using (43).
4. Find decision index for this unit using equation (49).
5. Repeat steps 1 through 4 for all units
 in the system.
6. Normalize decision index so that Di = 1.
i

6 Discussion
In this work we defined decision makers in networks, which
behave in a well-controlled fashion. We argued that DM can
be measured by the emergence of behavioral correlations in
neural responses. As with any definition, there is more than
one way to quantify the properties we were attempting to
describe. Therefore we had to make decisions about the features of the model system we choose to describe. We demonstrated these features in a set of examples. Future studies
will show whether these features can be used as the basis for
a more complete model-independent theory.

6.1 Noise as a source of decisions
In this study we concentrated on stochastic rather than deterministic DM. Therefore, we adopted the postulate that
variability and noise, causally linked to decisions, are
descriptors of DM (Parker and Newsome 1998). We analyzed
DM in the absence of sensory input. Such an analysis was
used before to describe DM activity, including the studies
of error trials (Celebrini and Newsome 1994; Britten et al.
1996; Shadlen and Newsome 1996; Thiele and Hoffmann
1996). It was previously argued that to describe decision
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making activity one has to find traces of both sensory and
motor correlations in the same elements (Shadlen and Newsome 1996; Shadlen and Newsome 2001; Newsome 1997;
Salinas and Romo 1998), because DM involves transformation of sensory information to behavioral responses. Here we
implement a different strategy. We suggest that decisions can
be measured by observing the emergence of behavioral correlations alone. Our strategy may include both cases when
stochastic decisions are triggered by a weak stimulus and
when those decisions do not require external inputs (Glimcher 2003).
Although the association of noise with decisions may
seem paradoxical, we suggest two arguments in its favor.
First, when external stimulus does not provide sufficient information to render judgment the decisions may have to be made
on the basis of internal sources of information. Thus Schall
(2001) suggests that “a decision process precedes choices
that involve some perplexity, that is, when the alternatives
are difficult to distinguish, have uncertain pay-offs or require
prior knowledge to resolve them. Thus, in contrast to simple
choices, decisions are more effortful, take more time, require
attention and deliberation, and are more error prone.” Such
an internal variability may also reflect additional information
needed to make a decision in case of uncertainty. This information may take the form of inputs from other modalities,
memories, or some other relevant inputs, for example, supplying continuously changing utility values (Glimcher 2003).
Second, many behaviors, such as C-start escape responses in
fish (Eaton and Emberley 1991) and other organisms (Glimcher 2003), are stochastic in character, despite the presence of
significant sensory input. This makes the task of the pursuer
more difficult. The decisions made under such conditions are
produced by intrinsic sources on noise.
6.2 Linear versus nonlinear
Not all of the network elements are linear in our model, since
DM is a non-linear task. However, our model is essentially
based on linear elements. The motivation for this model is
that it is easy to analyze. The study of simple models is a
necessary step before analysis can proceed to more complex
cases. One of the important questions resolved here is that a
completely linear element can be a decision maker, despite
the presence of non-linear units in the network.
6.3 Multi-unit correlations
The decision index introduced here describes the contributions of individual cells, thus assuming point-like localized
causes for behaviors. This model contrasts with the notion
of DM activity’s being synergetic between cells. Alternatively, correlations between two or even more units could be
the sources of decision. Our approach can naturally be generalized to include such multi-unit correlations. Indeed, we
assumed that the noise crosscorrelation matrix is diagonal,
as in Eq. 22. This assumption is introduced to model noise
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localized on individual units. If variability is produced by
common input to pairs of neurons, the noise matrix is nondiagonal, and the decision index (36) becomes a matrix
Dij =

1 ∂σ 2 (y)
Z ∂lnNij

(51)

Alternatively, if the noise structure is more complex and
determined by a multi-unit matrix Nij..k , the decision index
which reflects these correlations is
Dij..k =

1 ∂σ 2 (y)
Z ∂lnNij..k

(52)

Similar generalization could be made for the case of non-stationary noise with delayed correlations.

6.4 Possible applications of this analysis
The approach described here could be applied to the following neuronal systems. First, our mutual information-based
definition (12) could be used to find decision makers in
compartmental models of dendritic trees with no backpropagation (Poirazi and Mel 2001). Second, Scenario 1 may
be applied when a wiring diagram of the system is known,
such as the nervous system of Caenorhabditis elegans, for
which the identities of all 302 neurons and most synapses
between them have been discovered by the serial-section
electron microscopy techniques (White et al. 1986; Durbin
1987; Hall and Russell 1991). Third, some imaging methods
based on voltage-sensitive dyes allow monitoring responses
of many neurons simultaneously, such as responses of neurons in medicinal leech ganglia (Taylor et al. 2003). Here the
Scenario 2 could be useful. Finally, Eq. (13) could be applied operationally by electrically stimulating neurons with
stochastic currents and observing changes in the probabilities
of responses. In this case no information about connectivity
or simultaneous measurement of neuronal activity is needed
(Sect. 4).
A decision task, as formulated in Fig. 1a, is similar to
a general object discrimination task. The representation of
motor response in our model is not distinguishable mathematically from the representation of an abstract object/decision category (Horwitz and Newsome 1998; Shadlen and
Newsome 2001). The latter does not necessarily lead to a
motor command. Thus, our analysis may uncover the identities of units responsible for categorization of sensory inputs.
In terms of this analysis we emphasize the distinction between units representing the object category and the units in
which this representation is actually formed. The former are
analogous to motor units in the decision task, while the latter
are similar to decision makers. As follows from this study,
the analysis is dependent upon the topology of the network
involved. For simple linear sensory chains our conclusion is
that the first unit, spatially or temporally, in which the representation of the object is correlated with final outcome of the
discrimination process is responsible for casting the stimulus
in one of the abstract classes. In case of recurrent networks a
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more detailed quantitative analysis is needed to draw conclusions about identities of categorizing units. Thus, our analysis may find broader use in identifying units representing
abstract object’s percepts.
Our study may be relevant to other biological systems.
Possible applications include the analysis of molecular
networks, such as protein binding or regulatory genetic
networks; studies of structural networks of connectivities
between different brain areas; and analysis of social networks.

7 Conclusion
In this study we define network elements responsible for
making decisions. We obtain two equivalent definitions.
According to one, decisions are made by elements in which
correlations with the decision are first formed. According to
the second definition, decision making activity is measured
by the impact of variability in a given unit on the response.
We give examples of network motifs, especially potent from a
decision making prospective, such as fan-out hubs and recurrent loops. The latter can function as the temporal integrators
of sensory inputs.

Appendix A: The linear chain model
Here we solve a more general version of linear chain model
than considered in the text. The responses of neighboring
neurons are related linearly
xi = Ci−1 xi−1 + ηi

(53)

This is a generalization of (1). The response of the nth unit is
xn =

n


(58)

and




αNn xn
ρ(xn )
1 ± erf
ρ(d; xn ) =
.
(59)
√
2
σ (ξ ) 2
The upper/lower sign is assumed for d = 0 or 1 in (59);
σ (ξ ) is the standard deviation of Gaussian variable ξ defined in (56). The expression for MI (57) results in a simpler
expression
MIn = M(sn )
∞

2
dze−z [1 + erf(zsn )]log2 [1 + erf(zsn )](60)
M(sn ) = √1π
−∞

sn = σ (αNn xn )/σ (ξ ).
Here erf(x) is the error function (Abramowitz and Stegun
1972). MI is therefore a function of the SNR sn . Inversely,

2
α2 x 2
(61)
sn2 = Nn n = M −1 (MIn )
ξ2
On the other hand, (56) leads to
2
xN2 = αNn
xn2 + ξ 2 ,
(62)
since xn and ξ are statistically independent. Solving (61) and
2
(62) with respect to αNn
xn2 we have

2
2
M −1 (MIn )
αNn
xn2
=
(63)

2 ≡ F (MIn )
1 + M −1 (MIn )
xN2

Function M −1 here is inverse to M defined in (60). Function
F (MI) numerically calculated from (60) and (63) is shown
in Fig. 5. It can be effectively fitted with polynomials
5

an x n + ε(x).
(64)
F (x) =
n=1

αni ηi + αn0 x0

(54)

i=1

where coefficients αni = Cn−1 Cn−2 , . . . , Ci , αnn = 1. The
external signal x0 is assumed to be zero in this appendix, due
to (5). For the last element in the chain we have
xN =

Here ρ(d) = 1/2, since there is no signal;
 
1/2

ρ(xn ) = exp −xn2 /2xn2 / 2πxn2

N


(55)

α N i ηi .

Comparing (54) and (55) we conclude that
xN = αN n xn + ξ,

(56)

where ξ is a variable, which describes noise in the networks
downstream from unit n. It is thus not correlated with xn .
This is the point where the chain topology enters our solution,
since in case of loops, xn and ξ are correlated. Our goal now
is to calculate MI between the decision variable d = H (xN )
and xn . We will use the definition for MI
MI(d, xn ) =

d=0,1−∞


dxn ρ(d, xn )log2

ρ(d, xn )
ρ(d)ρ(xn )

i=1

Equations (63) and (65) are used below to prove a variety of
statements about function F (MI) used in the main text.

i=1

∞
 

The use of the set of coefficients a1..5 = 2.17654, −1.4974,
0.51567, −0.24682, and 0.05202 ensures that |ε(x)| <
5 · 10−5 .
2
xn2 to the strength of
Lastly, we relate the variances αNn
2
noise ηi through (54). We have
n

2
2
αNn
xn2 =
αNi
ηi2
(65)


(57)

A.1 In the uniform noise example F (MI ) is a linear
function of a position in the chain
In this case C1 = · · · = CN −1 = 1, and, consequently,
αN 1 = · · · = αNN = 1. Noise variance is the same on every
node, i.e., ηi2 ≡ η2 . As follows from (65) that xn2 = η2 n,
which results in
F (MIn ) = n/N
(66)
It follows that contributions to DM defined by (9) are the
same for all units.
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A.2 In the ‘loud’ neuron example the contributions of units
upstream from the strong link are larger by a factor of K 2
than contribution from the downstream units
In this case α1,... ,k = K, while αk+1,... ,N = 1, assuming that
the link from unit k to k +1 is strengthened. In the example in
the text, k = 5 [cf. (10)]. Equation 65 leads us to the values
for variances of responses
 2 2
nk
η K n,
2
2
(67)
αNn xn =
η2 K 2 k + η2 (n − k), n > k
Applying (63) we obtain the expression for F (MI)

K2n
n  k,
2 ,
N
−k+K
F (MIn ) = n−k+K 2 kk
, n > k,
N −k+K 2 k

(68)

This confirms that the upstream units (n  k) are K 2
times more potent than the downstream ones (n > k).

Let us start by evaluating the right-hand side of Eq. 13.
According to (55)
=

αN2 i ηi2 .

xn = Cnj1 xj1 + · · · + Cnjk xjk + ηn .

(70)

Z

∂xN2
∂ηi2

=

αN2 i ηi2

F (MIjk ) =

Di =

xN2

, F (MIj1 ) =

xN2
2
αNj
x2
k jk
xN2

2
αNj
xj2
1

xN2

1

, ...
(76)

.

Combined with (75) these equations lead to
Dn =

2
αNn
ηn2

xN2

= F (MIn ) − F (MIj1 ) − · · · − F (MIjk ).

Z

.

The identification with the decision index here is made on
the basis of Eq. 13. Another way to write this is
(71)
Dn =

.

N


Inj − Snj F (MIj ),

(78)

j =1

After normalization we obtain using (65)
αN2 i ηi2

2
αNn
xn2

(77)

Right-hand side of Eq. 13 implies that
Di =

(75)

2
, which
Here we multiplied both sides of the equation by αNn
is given by a product of links’ strength squared on the path
leading from node n to the output of the chain N .
The next step is to notice that Eq. 56 also applies to the
tree case with xn ξ = 0 similarly to the chain topology. Equation 56 is not valid for arbitrary topology, because responses
from the upstream units to node n can also contribute to the
residue ξ , thus leading to a non-zero correlation between xn
and ξ . If (56) is valid for each node in the graph, so does
Eq. 63, from which we obtain

i=1

ηi2

(74)

2
2
2
2
xn2 = αNj
x 2 + · · · + αNj
x 2 + αNn
ηn2 .
αNn
1 j1
k jk

F (MIn ) =

A.3 Proof of Equation 13

N


Let us now consider a tree connectivity specified by a connection matrix Cij . An element of the connection matrix specifies
the strength of connection from node j to i. The constraint
on connectivity is that each node has only one outgoing link.
There may be a few incoming links. Consider a node number
n. There are k incoming links for this node with indexes j1
through jk . The response of the nth node is
This is similar to Eq. 53. Because of the tree topology, responses of different branches are uncorrelated, i.e. xjk xjm = 0.
We have therefore

which is a piece-wise linear function of n. Equation 9 determines the decision index as

K2
nk
2k ,
N
−k+K
Dn =
(69)
1
,
n>k
N −k+K 2 k

xN2
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(72)

Let us derive the same result from Eq. 9 (left-hand side of
Eq. 13). As follows from (63)

1  2 2
2
Di = F (MIn ) − F (MIn−1 ) =
αN n xn − αN2 n−1 xn−1
xN2
 α 2 η2
α2 
2
2
= N n xn2 − Cn−1
xn−1
(73)
= Nn n
2
xN
xN2
Thus (71) and (73) are identical, which proves Eq. 13 and the
theorem in Sect. 3.6.

where Inj is the unity matrix and Snj is the network structure
matrix, equal to 1 if there is a connection from j to n and
0 otherwise independently of the strength/sign of the connection. After denoting F (MIj ) ≡ fj Eq. 12 immediately
follows.
We would like to address time-dependent problem on a
tree now. All of the equations derived above can be used in the
discrete time-dependent case (20). In this case however the
propagation of signal on the tree introduces delays. In particular for the modified mutual information between response
of the nth node and decision we have
F [MIn (t)] = F (MIn )δt+dn ,0

(79)

Here dn is the discrete time delay for the propagation of signal
from node n to the output; decision is assumed to be made
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at t = 0. To obtain correlators F (MIn ) needed for Eq. 12
we could e.g. sum (79) over discrete time to eliminate the
Kronecker symbol
∞

(72)
F [MIn (t)]
fn =
t=−∞

This quantity can be used in (12) to calculate the decision
index.
Appendix C: Solution of the continuous-time model

0

The solution of the continuous-time problem satisfies the
equations of the discrete-time model for an arbitrarily large
time interval τ , but the new noise cross-correlation matrix
N̂ is non-diagonal in this case. In the limiting case τ → 0 it
becomes diagonal. Indeed (80) implies that in this limit
N̂ = N̂τ + O τ 2 .

Important for us is the time-dependent correlator
X̂(t1 , t2 ) = x(t1 )
x (t2 ),

Thus it has the same form as (20). Using (86) we obtain the
new noise cross-correlation matrix
τ
T
N̂ = e−Ât N̂e−Â t dt .
(87)

(80)

which we now evaluate. The solution for (35) is obtained
using matrix exponentials:
t


x(t) =
(81)
dt eÂ(t −t) η(t) + s(t)

(88)

The matrix N̂τ is diagonal by the definition of the continuous-time model. Thus, in the limit τ → 0 the matrix N̂ is
diagonal as needed in our formulation of discrete-time model.
If the discrete model applies at small τ , Eq. 29 should also
apply. This leads to τ (ÂX̂ + X̂ÂT − N̂) = O(τ 2 ), which is
another way of deriving Eq. 39.

−∞

If the external stimulus is zero or constant in time, the correlator at t1 > t2 is
t2
T
X̂(t1 , t2 ) =
dt eÂ(t −t1 ) N̂eÂ (t −t2 )
(82)
−∞

We then seek X̂(t1 , t2 ) in the form
X̂ = eÂ(t2 −t1 ) X̂0 ,

(83)

where X̂0 is equal-time cross-correlation. To find an equation
for X̂0 we differentiate (82) and (83) as follows
∂ X̂
= ÂeÂ(t2 −t1 ) X̂0 = eÂ(t2 −t1 ) N̂ − X̂ÂT
∂t2
From (83) and (84), Eq. 39 immediately follows.

(84)

8 Appendix D: The connection between discrete- and
continuous-time models
Here we show that the discrete-time model can be derived
from the continuous-time model. Starting from Eq. (74) for
the unit responses in the continuous case we obtain the relation for solutions at two different time points separated by
the time-interval τ , analogous to (20) in the discrete-time
description.
From (81) we obtain
t+τ
−Âτ
x(t) +
e−Â(t+τ −t ) η(t )dt .
(85)
x(t + τ ) = e
t

This equation can be rewritten as x(t + τ ) = Ĉ x(t) + η (t),
where
Ĉ = e−Âτ ≈ Iˆ − Âτ.
(86)
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